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Abstract
Generating functions plays an essentialy;él in-the iﬁ’\@a§tigation of several useful properties of
the sequences which they generate. In t paper, welestablish certain generating relations,
involving some quadruple hyper georgetric funclons’ introduced by Bin-Saad and Younis.
Some interesting special cases of our main f%sults are’also considered
Keywords: Differential%ﬁﬁation, hyper geometric
1. INTRODUCTION WIKIPEDIA

The hypergeometric series is the mosheSefaFand-impdrtant special function, and it has been
studied to solve various problems in many areas of mathematics, physics, statistics, and
engineering. Hypergeometric series in several variables appear in numerous fields of applied
mathematics, mathematical physics, and chemistry. When it becomes an arbitrary parameter,
the nth derivative and n-fold integral are of interest in the theory of FC. S.F. Lacroix gave the
m th derivative to be starting from y = xn, where n is a positive integer.

d™y n!

dx™  (n—m)!
He arrived at the formula by using the GMF as normal, substituting Yi form, and any positive
real integer for n.

n-m

a—

a2y  T(a+1) .1

1/2
dxt/ I (a + %)
He gave the example for y = x and derived.
1
az re) X o2vx
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The current Rieman Liouvill definition of a FC also produces this conclusion.
The FD of order v is defined by Liouvill as

[ee)

DIf) = ) cuake
n=0
DEf(x) = Tizo caake® ()

When dealing with explicitFCSMBithe type ¥ =a,d S5: INRRie's second technique was
used. He thinks the essential ™" """ "™

where

[oe]
Iz.f udle=Xudy
0

Then with the use of (1) he obtained the following outcome

D'T(a+v) _,
['(a)

These concepts were successfully applied by Liouville to hypothetical theoretical issues. The

second technique cannot be used for a large class of FCS, whereas the first definition is

limited to certain values of v.

THE FRACTIONAL DERIVATIVES FORMULA

The following provides proof for the FD formula:

DYx~% = —v
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Q= (e ﬁ —Amp Tu—a)

A=x"Hx-1) .

A= Ye—izu 7Y T(u- a)

B=x%H#x-1)" e

The aim is to develop efficient and reliable approximate methods that can yield accurate
solutions over a wide range of parameter values. The FCS FQ, FN, and Fs are respectively
defined above by as the Saran's FCS of three VB, and F'[x, y, z] are the triple HGS defined

by (3).

= AF,

|

where

©)

(Zﬁ)a: —lnar(a ﬁ) B "F(a_ﬁ)

[(=p) B |~
O] @ —p)
_ B — iTa f—a |[_N" "7 0
(=), = ™ gy @~ [y |
_ [(a+1)
(u.v)a - l—.(l +0(—n)F(n+ 1) ua_nvn.

n=0

Proof:
We know that

(1—x)7 = Z W n 2 < 1

0

The LHS of (2) is given by, usmgli Sinde'the sequence ofmﬁg?@ntiation and summation is
interchangeable under the aforemeritioned circumstances.
(Nm (8)nwi" w3 I'(u+1)

S A m TG okrgern < w GO,

i Pm(pw™wl T(u+1) Tu—k—a)T(k+m+n—p)
kn+n=0 ktm!n! Tu+1-k) T(-a) 'm+n-p)

X e—inuxa—u+k(x _ 1)[3—m—n—k

=e‘”’“—(”(: )) “H(x—1)F
O (Brsmen (k@) m()n K m n
* Z 1+ “k_ H)k(—l;)’:nik! m!n! x i 1) (xmill) (xM:2 1)

kmn=0
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The generalization of (1) and (3) may be produced in the following way, it is crucial to note:
pax [x“(x— 1) (1- e )_y1 (1- t: )—)/2 (1 W )_yn]
x x—1 x—1 x—1
X W1 W‘I’L ]

x—1'x—1" ’'x—1

r-:
(€D

1 1
_AglgE(n‘I' )[ ﬁ,_,u;I/b""Vn;l‘l'a_ﬂ;_,B}

And
D;l;[x“(x - 1)3(1 — XWq) Ve (1- an)_h]

- (5)
_A(l)E(nﬂ)l Bt i Y ghni 1+ @ = 1 _1'1,..._

@ ‘*”‘vu@, % szwn

where and E are the multiple I—IGSgéeflne%by, ).

LINEAR DOUBLE AND MULTIPLE,d‘?—‘
We take into account the following fundameﬁfal i entities.

WIKIPED] X\
[(1 - x) N t'l]helFree(ﬂntyéI))pe id — t)

And

xt -1
[1-1-0)t*=0-1) l<1+m>

Now, let us write

> 9

D (1 —x)"A+1Dgn = (1 — 1)~ /1[1 _—] St < |1 —x|.

Replace x by M multiply both sides of X%(x — 1)~# multiply both sides of (4.3) by D ”
we get
o —(A+n)
x(wy +w,)
X% (x—-1)Pl1 ——— 27
e (P ==
n=0 '
x(wy +wy) \
— —_ A\ ApH |y, — 1B 14
(1-t)™"D; [x%(x—1) (1 (x—l)(l—t)) ]

In order to derive the following two linear GF, we apply the approach used to derive (5) and
utilize outcomes (5) and (4), respectively.

B A+n—uww
Dn F(3)[ 13 WAl ]tn
I —B- 2
n Bilta b 1 %=1
11 W2
=(1—-t)*F® |=B:: 1; —p; —
(1-t)™*F [B TR T D=0 =1

Now, replace x by %% respegiiwely, replace t by t,t; amiD)ERy A1 4, respectively in (3).
The two EQT are then multi'pliéd ne another to produce

n=0

= % m)t2 (1 _ Vi11) A1+m) (1 B xmizl)—(lzﬂl)
=0 . N
=(1-t)M1-t) (1 S (x— 1])”(1 - t1)> (1 C(x - 1‘)N(1 - tz))

Mathematicians like Leonhard Euler, who studied fractional derivatives in the 18th century,
are credited with developing fractional calculus. Multiply both sides of (3) by x*(x — 1)#
and then use the FD operator to operate both sides and using (2), the subsequent double GF is
what we get:
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A1)m(12) !
Ymn=0 — b1ty

G =

-_ﬂ,_‘u,zl +m122 +n} 1 +a y _ﬁlﬁ;
w1 W
| x—1"x-1 (6)
=(1-t)™MA-t)™
-_)8' _:ulAerZ; 1+a-— ﬂ: _’B’i']
x—1
FG W1 .

(x=1) (1 —1)(1—@
The following is how the GF S generahga@ﬁ) ma y be obtained:

o A)a 1) v
Zml “Mp=0 17n1 ...... nnpll
ﬂ,ﬁ‘l‘ml, )
« (D) p(+1)
X Ep l §x{ D’_[Aw_ ...... _nl
The Free Encyclbpbdfé—l Px-1 @)
= (1—t1) A ... % 1_t)/11
(1) (n+1) ﬁ,—,u,ﬂl,“-,/'ln,l+a—,u,—’[)’;ﬁ,
X1y Ep) we  wa :
(-D-t)" T x-D-tn)

As a consequence of adopting the methodology used to arrive at (7) and this result can be
obtained on the similar lines of the proof of the theorem using the outcomes from (6) and (7),
following double GF are then obtained:

A A
Z?r?"ln=0 ( 1)m( 2)71 t{rlltz

min!
A +m, A, +n,—u, —p, 1+a ,8;——,8,1+a—u,]
FN X
1+a-— » XWy —
o W ®)
= (1= t) M1 —t)
A Ay —u,—B,1+a, ;=B 1+a—ul+a—y
FN w1 XW» L l
(x-1)(1-t) 1-t; " x-1
And
z (Al)m(ﬂz)n maen
—— S gl
m!n!
mn=0
E L1+ l+a - +mi,+n1+a—y,
S l+a—ul+a—y
X
:x_l,xwl,XWZ] " 7
1 el r \DVANGED-SBIENERINBEX, —11, Ay, Ay
=@ tll i( %tz F[1+a wl+a—pul+a—y;
X xw1 xwz]
1)m nJmp , M mp
Zml...mn—o mi'—mnnt ! ety
(1) (n+1) -G, 1+a—pu i +my, ... Ap+my 1+ a—u;
(Z)El L,xwl,. , XWy,
x—1 (9)
=(1—-t)™M.(1-t)*
-G, 1+a—-pur,. ... . Ayl+a-— u;i,
1 -
(1)E£”+)[ wy T
1-t’ 71—t

Now, we establish some additional GF using the identity (9). Let's express the identity (9) as:
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3y @o (1 —xynen = (1 - )4 (1= 2) 7 e < 1 - 71 (20)

x(W1+Wz)

Multiply both sides of (10) by (1 — x)~P and replacing x by , We have

M (1 _ xwi+wy) a1 x(w1+w2) _tx(watwy)\ A
Zn 0 (1 x—1 ) t" = (1 t) (1 x—1 ) (1 (x—l)(t—l)) (11)
Now, multiply (11), on both sides, by x?(x — 1)~(@*1, operate by FD operator D% and using

(4), then, we arrive to the subsequent GF:
+1 = —HgXw
Dn p(3) ¢ B~ Ui 1
Zn=o Sy F [1 + o — ”’-1“ x‘fi.',,,g'

J ﬂ(w wz) xt(w1+w2)

Q

=1-6*FY [1+0f —up, Al + g — it
= (1 - ) R (=Bt p, 1 1+a—u, —B
x w WEKIREDTA) | (4.13)

x— 1 A Tefredpeydypeda ) |
=(1- t)_’lFS[—[)’, 14+a—-uwpil+a—u
xt(wy; +w,)]
— 1:x(W1 + Wz),#

BILINEAR, DOUBLE AND MULTIPLE GF

[(1—x)(1—y)—t]‘l=(1—y)‘l[(1—%)(1— 4 ) - atdd ] ......

tn

(12)

write (4) as

- (A
Z )n (1 _ x) (/1+n)(1 y) ()I+n)tn

= ( )n —(A+n) —(A+n) n
=07 Z e A ) ((1x—yi)2) |

Again replace x,y, t and A by w_2/(x—1),z.2/(y — 1) t_2 and A, respectively.
A (A2)n (A1+m) (Az+n)
Y=o — (1 = E) (1 - —)

min! x—1
<) 7 ()
= (- t) ™ML= t) 2 5% g % (13)
t Ai+n+1
(i) ( o 13”;1_tl>) o
; > —()lz-tl) AEN 2+1)
x(1 - (@ SCIENE NDEK

Now, multiply both 5|des of (33 by x“(x — DBy (y — 1)‘ Then operate both sides by FD
operators D; and D; respectively and using (1), we arrive at the following double GF:
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-pB, u21+m22+n1+0{ uw,—B;
F; Wy W
x—1'x—-1'x—-1

y Zq Zy
y—1'y-1'y—-1
=1 —-t) M1 —t,) 7 5N 5\

(Al)nnuz)n( i N

r 2

A m!n! (x 1%()’Q1)(1 Y{J -
g |mtn—Bm+n-— Bm+7§&ﬁ
o A+, dy +

l4+a—um+n-— BmWIKI—ﬁ-}P IA

wy Th‘%Free ﬁncyc pedia

x-1DA-t)" (x-DA—t)
F [m+n—6,m+n—6,m+n—6,—v,
A+mA,+n

=8, -v,i +mi, +n;1 +y—v,—6;l

] ((x - 1)(;/2—22132(1 - tz)z)n

1+y—vm+n—-4§§m+n-56; Ll
Z Zy (14)

_ O-DA-t) (y=DA=tp) _ _
Generalized polynomial is actually introduced by Srivastava of the following manner: the

following form can be used to derive the generalization of (14):

Z (Al)ml ...... (An)mm tml"""' tnn
[ & S | 1 n
mq, -, mu<0 M M-
(e D) =0, = A +my, - Ay +tmy; 1+ a—p,—f;
(I)E X W1 8 WTL
i x—1'x—1" ’'x—-1
=6, =V, Ay +my, o An tmy;1+y —v,—6;
(1) ESY Y.z Zn
i y—-1y—-1" "y-1
W3 Z;t, n
=(1-t)™M-(1-t )—An...( )
' " (x =D - DA —t,)?

(1) E(n+1) [ml + +mn _ﬁ, _‘u,ll +m1,"‘,ﬂn +mn, .
b 1+ta—pum;+-+m,—p ’

Wn }]
(1) ES™ Oy Wi my, — 8, —v, 4y +my, -+, Ay + my;

y Zl cee
y-1'-DA-t)"

1+y—-vmy+--+m, —6;
Zn
(v-1DA-ty)
We now apply the technique used to generate (14) and use the findings (2) and (3), arriving at
the And
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A)m(A)nt™'ty
m!n!

G =

m-n=0
B, 1+al+a—ur +mi, +n;1+a—u,]
Fs

X
1+a—pul+a—u , XWq, XW
u Mx—l 1 2

E[-6,1+y,1+y,—v, 4 +m Ah+nl+y—v,l+y—v,14+y—v;
(/Il)zg(ﬂz)n
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(XYW1Z1t1) (xywzzztz)\ (94‘ “)Aﬂm, + V)ntn }’21:3’22]
(1 - tl)z (1 - tz)z “( i (1 _ 'm+n(1 + Y v)m+n

F[-B1+a+m+n, +mtn, K1+m,/12+n;
l+a+m+n—p 1+ a+m+n—ﬂ;]

=A-t)™MA-t)™ )

The FJ{W Enqs?h}pedla

x—1'"1—-t"1—-t,
E[-§,1+y+m+nl+y+m+n—v,1; +mA, +n;
1+y+m+n—-v1+y+m+n—-v,1+y+m+n-—v;
y Yz1 Y2, ]
y—1"1—-¢t"1-t,
The ability to a person's everyday lives, i.e., ONE, the ONE that it was the ONE that ONE

i A1) my e An)m,, o

my!..my!

Mmy..mu=0

—B,1+a —uiry+my .. A, + my;
(Z)E(n+1) P K ; L n 1
@ _ l+a—u;x_1,xw1, ey XW,
—0,1+y,—v,A +m,, ..., 4, + my;
e y
) 1+y—vy_ yVZ1, ey YZn
=A-t) -t Y iy -2 Ay
! n my!..my,!

myq,..My=0

<XVW1Z1t1>m1 (xywnzntn)mn 1+ Dmysetm, L+ VI eam,

(1 - tl)z (1 - tn)z (1 t+a-— ﬂ)m1+~-~+mn(1 +v - v)m1+~-~+wn
() Eg)lﬂ)[ B, 1+a+m1 My, U A Fmy, e A My
ED'GCIE :ffi'-me X

1+a+m + r
@ 1 ADVANG m 5 N0k x—1 1—t1 1—tn
EgE(nH)[ S1+y+my+- . 4+my, —v, A4 + my, ..., A, + my;
y vz YZn
1+y+m; +- +mn—vy11t . 1tn](lS)

Now, in (4), we replace x and y by x(w_14+w_2)/(x—1) and y(z_.1+2z.2)/(y —1)
respectively and then multiply both of it by x*y#{x — 1)~ (y — 1)** and then operate by Dg

and D 5 for x and y respectively and using (2), we obtain the following bilinear GF:

& essse YOLUME-19, ISSUE-II 139



mailto:iajesm2014@gmail.com

January-June 2023, Submitted in June 2023, iajesm2014@gmail.com, ISSN -2393-8048
Mltidiscinlinarvlndexed/Peer Reviewed Journal. SJIF Inpact Factor 2023 %6.753
e Z (Dn <xyt(w1 +wy)(z; + Zz)) 1+ a),(1+B)n
x-D-DA-0?) A+a-—wW(1+B—-v)y
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y+n:l+nlt+a+n——1—— —u
F® l+a+ oy XWq XW, X ‘
YT S G T DA -0 - DA -0 X~ 1

Using the aid of the outcomes from (5) and (9), we used the same procedure to acquire the
similarly intriguing bilinear GF that are shown below

> (D) Syt d*‘n — 1wy
Z PO o, e X
n i Ql -I;Aa u'x—l x—1
Mo (W +5,) (1t
. Z ( ) < 1.+ %,) (219

T = =
?K(;PJ;IE)(I]A )> W,

—un—y;;—l+a— ,u,”(x—l)(l—t) x—1

F® [n—y A+ —u

3) 5 A+ n: A 22
F [n AT T T n—6,—;1+ﬁ—v,y—1]
And

- - Atnl+ta—u-y;

A)n (3) 14+a-— u ;'
X
c: XWZ, 3
Z (Dn ((W1 +wy)(z; + Zz)xyt> 1+ a)(1+B)y
(Le)2 A+a-w.Q+B—-v)y

BA GF

In this part, we build some BA GF using the linear GF [described in section. In equation (5),
we change t to t(1 — y), multiply both sides by y* and operate by D% (for the variable y), we

obtain
W s
A significant amount of theoretical work has been done in the topic of FC. We now arrive at
the following BA GF using (7)-(9) and some standard calculations:
JE[-n14+y;14+y—vylth
— 1 _-Avoe  @Dpl+a)y W, P(4.16)
=1 =7 Xp=0 (1+a—pw)pp! ((x—l)(l—t))

the following two BA GF are obtained:

N (A)n _,8 /I+Tl —U;

7= 0/ x—1 x—1x—-1

2Fi[—n, 1+Y»1+V—V y]t”

- ) ny P
=a-o7 p!p ((x—l)(l—t))

p=0
-yt X Wy ]
1-t'x—1"(x—1)A -1

ultiply both sides by y¥ and then operate by Dg (for the variable y), we obtain

¥ wasmee VOLUME-19, ISSUE-II



mailto:iajesm2014@gmail.com

RCOOTINDEXING
INTERNATIONAL ADVANCE JOURNAL OF ENGINEERING, SCIENCE AND MANAGEMENT (1AJESM)
January-June 2023, Submitted in June 2023, iajesm2014@gmail.com, ISSN -2393-8048

Multidisciplinary Indexed/Peer Reviewed Journal. SJIF Inpact Factor 2023 =.753

S
Df( ( 1)nt( Z)n tin’tél(l _ nly)"’(l _ le}’)n
mn=1

G =

m!n!
X

—B,—u A +mi, +n;1+a—u —pf; ,

X F. x—1
c w; wy
x—1'x—1

—Ds([yy 1_t1(1_771Y)] Al[l—tz(l n2y)] /12]
:B ,Ll,/’ll,w%— 3

XFl'j ng ‘A ‘,Z )

(x— D= % @=D(1 -ty
We now arrlve at the following BA GFE usmg‘i?) (9) and some standard calculations:

AnCdn 1 SOAKPEDIEL

Free Encyclopedia
m!n! !
n=0
=L, —wA +mA, +n;1+a—u, —p;
F¢ X Wy W>
x—1'x—1'x—-1

Fll+y,-m-n1+y—v;ny,n.)]

— (1t M (Al)q(/lz)r( Wy )q( w2 )q
Yoo A gt \a-DA-t)) \(x-DA-t)
X
2F1[_ﬁ+CI+7"1_ﬂi1+“_#ix_1
t t
Fy [1+Y;/1t+q;/12+7’;1+)’—17}ﬂ, 2 :
tl_l t2—1

Further, if in (9), we replace t; and t, by t;(1 —n,,y) and t,(1 — n,,y) ) respectively, such
that |n,] < 1,i=1,2.

(Al)n( Z)n tn’

m!n! 24

n,n=0

w
A+mA, +n,—,u,—ﬂ,1+a,—ﬁ;—ﬁ,1+a—u,1+a—,u;ﬁ,
Fy x o

1

XW
Z'x

Fi[l+y,-m,—n1+y—v;ny,ny]

A ‘(AI)P (AZ)q ﬂ"‘“@ﬂfx w3 )4
A+a—puplq \x— D -t)

= (-0

X
Fo[=B+p 1+ a—p——] . (457)
t
F1[1+)/:Al+p;/12+CI;1+]/—v 1 My
- 1 tz - 1

& essse YOLUME-19, ISSUE-II 141



mailto:iajesm2014@gmail.com

INTERNATIONAL ADVANCE JUN NGINEERING SCIENCE AND MANAGEMENT (IAJESM)
January-June 2023, Submitted in June 2023, iajesm2014@gmail.com, ISSN -2393-8048

Multidisciplinary Indexed/Peer Reviewed Journal. SJIF Inpact Factor 2023 =.753

(Al)m(;{z)n gmem
m!n! 1 "2

Xo,n=0
—B,1+a,1+a,—,u,/11+m,lz+n;1+a—,u,1+a—u,]
Fs

1+ ad
* =1

Fll1+y,-m-nm1+y—v;ny,n.)]

_ B L (1) (&)(1+a)4+r XWy \H [ Xy \T
=(1- M1 — 1 YV
=(1-t)) (1-ty) %1@7 a %{u)“_rql rl (1 _ t1> (1 — tz)
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2. Conclusion: The Free Encgcbpedla

In this section, we apply the concept of Nishimoto's FC (NFC) to show how to calculate
the FD of triple HGFs in three dimensions. We will utilize these EQT to derive GF for
linear, bilinear, and BA sequences as part of our study. Based on the integral
representations for quadruple hypergeometric functions (1)—(8), we obtained certain
generating functions for these functions. Some particular cases and the consequences of
our main results are also considered. We concluded this investigation by remarking that
the scheme suggested in the derivation of the results can be applied to find other new
generating functions for other quadruple hypergeometric functions and study their special
cases.
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