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Abstract:
Fixed point theory is one of the most fruitful and applicable topics of nonlinear analysis,
which is widely used not only in other mathematical theories, but also in many practical
problems of natural sciences and engineering. The Banach contraction mapping principle is
indeed the most popular result of meﬁﬁked peomt theory. This principle has many

application in several domains, such as differential equations, functional equations, integral
equations, economics, wild life, and several others. 'he aim of this paper is to extend the
concept of F. Khojasteh, Z. Goodarzi and ,& Raza[z to some new contractive conditions of
integral type in cone metric space.
Key words: Cone Methei:KDPrEﬂ]]ACondltlons Fixed Point.

1. Introduction: The concept of conBwiatriéspadensdis introduced by Huang and Zhang [1]
in 2007 and some fixed point theorems was proved. Initially Branciari [2] introduced the
contractive condition of integral type and extended Banach fixed point theorem. Later on F.
Khojasteh, Z. Goodarzi and A. Razani [3] gave the concept of cone integrable function and
proved Branciari’s theorem in cone metric space. The aim of this paper is to extend the
concept of [3], to some new contractive conditions of integral type in cone metric space.
The following definitions and lemmas are useful for us to prove the main results.
Definition 1.1[1]: Let E be a real Banach space and P a subset of E. P is called a cone if the
following hold.
(1)  Pisclosed, non-empty and P = {0}.
(2) If a,be Rand a,b>0,then ax+byeP, VX, yeP.
3) xe P and —x € P implies x=0.

Let P —E be a cone. We define a partial ordering with respect to P as x <y if and
only if y—xe P and x <y will imply that x <y but x=y, while x <<y will mean that
y—X e int P, where int P denotes the interior of P.

The cone P is called normal if there is a number M > 0 such that 0 < x <y implies
IX| < M|y|| V¥ x, y eE. The least positive number M is called the normal constant.

Example: Suppose E=R?, P={(x, y)eE|x y>0}. X=R. Let d:XxX —E be
defined as d(x, y)=(bjx—y|,|x—]) where be R and b>0. Then (X, d) is cone metric

space.
Definition 1.2[1]: Let (X, d) be nermetrie space and. Iet"{mbpe a sequence in X. Then

1) {xn} is said to convérges me x € X if for every ¢ e E with 0 <<c, 3 a natural
number N such that ¥ n> N, d(x,, x) << c.

2 {xn} is said to be Cauchy sequence if for every ¢ e E with 0 << ¢, 3 a natural number
Nsuchthat Vv m, n>N, d(x,, x,)<<c. Vx,yeP

3) A cone metric space (X, d) is complete if every Cauchy sequence is convergent.
Definition 1.3[3]: Let P be a normal cone in E and «, § €E where « < . Then we define

[, Bl={x €E:sp+(1—5)a, s €[0,1]},
[, B)={x €E:sp+(1-5)a, s [0, 1)}.
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Definition 1.4[3]: The set P, ={a=X,, X, X,, ...,X, = A} is called a partition of [, 8] if

and only if the sets {x, ,, xj)}rj‘:l are pairwise disjoint and [a, 8]={U", [x,,, , )} U {8}
Definition 1.5[3]: Let P ={a=X, X, X,, .., X,=4} be a partition of [a,p] and
o= [a, ﬂ] — P be an increasing function. We define cone lower sum and cone upper sum as

L (6. R) Z #0) s =]

ue (g, P) Z ¢ r )* QlL resp,ectlvely

The function ¢ is called cone mtegrabie fuggtnon‘én ] if and only if for all partitions P,
of [05 ﬂ] Sy
lim L (4, R)=S" Wn{‘ﬁaﬁEE;jIA

Thé Free Ency(_lopedm
where S®" is unique. We shall write $¢" —j ¢ dp or _[ #(t) dp(t).

Lemma 1.1[3]: If [, 8] < [, ¥] then L ¢ dp < J.a ¢ dp for ¢ e X'(X, P)

J.f (a¢l+b¢2)dp:af ¢1dp+bf ¢,dp for 4, g, (X, P)and a,beR

where X'(X, P) denotes the set all cone integrable functions.
Definition 1.6[3]: A function ¢: P —E is said to be subadditive cone integrable function if
andonlyif Vo, p P

_[Oﬁﬁ ¢dp£f ¢dp+joﬂ pdp.

2. Main Results:
Theorem 2.1: Let (X, d) be a complete cone metric space with normal cone P. Let

¢ : P — P be a nonvanishing and subadditive cone integrable map on each [a, ﬂ] c P for
which J'Og gpdp>>0, £>>0.Let T : X — X be amapping such that

J‘Od(T( ¢dp<CJ. (y)Hd(y.T(x

Then T has a unique fixed point in X.
Proof: Let x e X, choose x, € X such that x, =T(x). Let x,e X be such that x, =T(x).

Continuing in this way we can define x, —T( ) T”(x) for n=12,3,...
IW 5 dp j n:(ﬁd ANCED SCIENCE INDEX

INDEX
<CJ‘d(X X (X1 Xns1) ¢dp

T
SCJ.d(XHA’X'Hl) ¢dp
But d(x nl, X, ) < d(x nl, X, )+d(x,,X,,, ), therefore

(Xns10 % Xns %o A (Xn s Xns1 )
[ gdp <c[" ¢ dp
Since ¢ is cone subadditive, so

Id("”x ¢dp<cf o) ¢dp+cI ) ¢ dp

0

¢dp for each x, y € X, ce(O ;j

d (X1, %) X s X C
= IO ¢dp<ﬁ ¢dp K ol Wherekzﬁ
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< knj'od(xvxo) ¢dp

A (i1, %0 ) n (AT(0x)
T doskt [T g dp

0

Since 0 <k <1, and jog ¢dp >> 0 foreach £ >>0, s0
Iim Jd(xn+1vxn) ¢dp:0,

% T N

which implies, that lim (X010 X,)=0. ~ul 8

3 ;

To show {x,} is Cauchy sequence, we %2” show.

£330

positive integer p. Sz’
Let p >0 be any integer. By trianguNX/mgquahityD 1 A
d(xn+pixn)< ( n+p’ n+p 1) a'}(irirfle?lxlr]c+}'pcl§)?$dld+d n+1’ n)

J' Xneps ¢d <_[ Xnep Xnsps oot (X “X)¢dp

0

J‘d X pet) ddp = J.Od(xn-v-p’xn) #dp < J'Od(xn-v-p'xmp1)+'"+d(xn+1vxn) dp

0
Since ¢ is cone subadditive

d (Xn+p 1 Xn+p71) d (Xn+p71 i Xn+p72 ) d (Xn+1 1 Xl)
sjo ¢dp+jO pdp+...+ L ¢dp
(x1:%0)

S(k”+”‘1+k“+p‘2+...+k”)jod' pdp
S(kn +kn+1+m+kn+p—2+kn+p—1)J‘od(T(X)!X) ¢dp

k" pd(T(a.x)
<
1ich

- - d(T(me 1
Letting n — oo, lim .
n—oo

¢dp

! gap=o.
Which implies that lim d(T(x,Hp),T(xn ))=O for each positive integer p.

PC

at lim d(T(x,,,)T(x,)=0 for each

Hence {x,} is a Cauchy sequence. Since X is complete cone metric space so {x,} is

convergent to some ze X . i.e. lim x, =z.
n

d(T(2). %) d(T(2).T (%))
[ gdp=| $dp

<c L G X'fﬂm KoV dp D SCIENCE INDEX
<cj e ¢dp+cJ' pdp

AS N — oo

d(T(2).2) d(z7(2))
IO pdp <c jo ¢dp
which implies that d(T(z),z)=0 i.e. T(z)=
Thus z is a fixed point of T.
Uniqueness: Let T has two fixed pointz and wi.e. T(z)=z and T(w)=

d(z,w) d(T (2)T (w)) d(z,T (w))d(w,T(2))
[ sdp= gdp<c | $dp

<c o’ ¢dp+c.[0 " gdp
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(z.w) (z.w) (zw)
Iod ¢dp§ﬁjod ¢dp = k_[od ¢dp where k =

Which implies that d(z, w)=0i.e. z=w
This shows that T has a unique fixed point in X.
Theorem 2.2: Let (X, d) be a complete cone metric space with normal cone P. Let

¢ : P — P be a nonvanishing and subadditive cone integrable map on each [a, ﬂ] c P for

1-c

which J ¢dp>>0, £>>0.Let T: X > X be a mapplng such that

J-Od(T( ¢dpgaj ¢dp w } For a,beR st a<1-2b and

0<b< % Then T has unique fixed pomt i

Proof: Let x e X, choose x € X Wﬁ?@iP‘EﬂﬁA Let x,e X be such that x, =T(x).
Continuing in this way we can define ExepBacyylomedfy ) for n=1, 2, 3, ...

d (Xn+1vxn) d(T(Xn )'T(Xn—l))
[ gdp=[ gdp

gaL o) ¢dp+bj ) $dp
Using triangle inequality and cone subadd|t|V|ty,

gaj.:(x”'“ bI A ¢dp+bj o) $dp
Xns1:% ) b Xn Xp1) Xn1%-1) b
jo" Adp <?Lb ¢dp:kj0 #dp, where k:ﬁ
\Y
J-Od(xwxn) sdp < knJ'Od(XpXo) $dp = knJ'Od(T(X),X) dp

Xn41) n

¢dp=0

Since k _a+b <1thenas n—oo, lim I
1-b n
Which implies that lim d(x,.,, x,)=0.

It is easy to show that {xn} is a Cauchy sequence (See previous theorem). Since X is
complete cone metric space so there is some z € X suchthat lim x, =z.
n

Now, Ld(T(Z)vXn+1) dp = .Ld(T(Z),T(Xn)) dp
<aJ-d(zxn) p—l—bJ.

. £ INDEX
As n—>oo,j0 ¢dp<bj'

unu¢dp
Since 0 < b < % then Iod ") $dp=0 which implies that d(T(z), 2)=0 = T(2)=
Uniqueness: Let T has two fixed pointzand wi.e. T(z)=z and T(w)=
d(z,w) d(T(2).7(w))
o=

< a‘J-Od(z,w) ¢dp N bjod(W,T(z)) ¢dp
(z,w)
=(@+b)["" pdp.

Since 0 < a+b <1 therefore
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jod(z’w) #dp =0

=  d(z,w)=0
= Z=W.
It shows that T has a unique fixed point.
Theorem 2.3: Let (X, d) be a complete cone metric space with normal cone P. Let

¢ : P — P be a nonvanishing and subadditive cone integrable map on each [a, ﬂ] c P for

which J' #dp>>0, & >>0. Let T : X X he #mapping such that

J' DT sdp < ¢ j” de@(y %d ﬁ)} — then T has a unique fixed

point in X.
Proof: Let x e X, choose x e X WH@IFEITMA Let x,e X be such that x, =T(x).

Continuing in this way we can define™ ZeFBacyyloredy) for n=1, 2, 3, ...
d(xn+lvxn) d(T(Xn)vT(Xn—l)) d(xnvxn+1)+d(xn—1vxn)
[ pdp= | pdp<c| pdp

< cJ.d(X”'X””) $dp + cJ.:(X"'X"’l) #dp

X1 Xn d (X, %1 d (% %1)
[ ¢dp<— gdp=k [ " gdp

As in theorems (2.1), it is easy to prove that {xn} is @ Cauchy sequence and completeness of
X implies that there is some z € X such that lim X, =z.

NOW, J-Od(T(Z)val) ¢dp _ J'Od(T(Z)vT(Xn)) ¢dp
d (2, T(2))+d (X, Xpe1)
< CL gdp

< CLd(z,T(z)) sdp + Cjod(xnvxn+1) #dp
As n—co, jod(T(z)’Z) gdp < cJ’Od(T(Z)’Z) ¢dp which implies that d(T(z), z) = T(z)=z.

Uniqueness: Let T has two fixed pointzand wi.e. T(z)=z and T(w)=w.

() AT ()T (w)
IS

< CJ‘d(z,T(z))+d(w,T(w)) ¢dp

sz))ﬁ IWTW))qﬁdp OQDE&W =0 = z=w.

§ INDEX
Theorem 2.4: Let (X, d) be a complete cone metric space with normal cone P. Let

¢ : P — P be a nonvanishing and subadditive cone integrable map on each [a, ,8] c Pfor

which f ¢dp>>0, £ >>0.Let T: X — X be amapping such that

J'Od(T ) gdp<c j WIROTOIEEI) 4 For some Ce(o, %)than T has a

unique fixed point in X.
Proof: Let x € X , define x,, =T(x,) for n>1and x, =T(x,)=T(x).

d(xmlvxn) d(T(Xn )VT(Xn—l))
[ edp= | $dp
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d (X X 0 (Xn_g s 1A (X X1
k dp

d(XnJval) (anxn—l)
<cf gdp+c| """ gdp
Using triangular inequality and cone subadditivity.
d (Xpg: %) d (% Xns1) d (X %1
SCJ.O ¢dp+cj0 ¢dp+c_|'0 gdp
J-d s X 2C  d(% %)

dp <— d
" gdp < 2 [ gap.

) U*\w
2C 1. %) zﬂ
() 1 e (

o< <tiec<lthen  WIKIPEDIA
l-c 3 The Free Encyclopedia

im [ gap=0,

x,)=0.

It is easy to prove that { n} is Cauchy sequence. Since X is complete cone metric space so
there is some z € X such that Iirnn Xy =Z.

NOW, J'Od(T(Z)'Xn+1) ¢dp — ¢dp
S CJ‘d(van+1)+d(Xan(z))'Fd(ZtXn)

<cC

which implies that lim d(x

n+1’ n

J-d (T(2)T (%))
0

¢dp
< J'd”“ ¢dp+ c_[ ¢dp+ cjod(z'xn) $dp

As n—o, Iod(T(z)’z) ¢pdp < cj'o ¢dp

Which implies that d(T(z),z)=0.i.e. T(z)=
Hence z is a fixed point of T.
Uniqueness: Let z and w are two fixed points of T.i.e. T(z)=z and T(w)=w.

J-Od(z,W) dp = Id(T( )T( ))

< CJ- (z,T(w )+d(WT( Md(z,w) ¢dp
[ pdp<c [
NCE INDEX
Which is possible if d(z, w)E O'I = —w.
Thus fixed point of T is unique.
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